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ABSTRACT. The characteristic matrices (in the sense of Stone) of the sum and product
of two closed linear operators in Hilbert space are found in terms of the characteristic
matrix of each operator. From these, necessary and sufficient conditions for the domain of
the sum or product to be dense are found, and a new simple condition for the density of
the domain of the sum is proved. The ideas developed are applied to the direct integral
decomposition of closed linear operators.

In this paper, we are concerned with the problems of adding and multiplying
partially defined linear operators on a Hilbert space. Let 4 and B be linear
operators on a Hilbert space J(, with domains 94) and 9B), and graphs 6(4)
and §(B) in % ® . We say 4 is closable if §(4) is the graph of a linear operator.
Then it is well known that D(4 + B) = D(A4) N D(B) may be {0}, even though
6)A) and ¢XB) are dense. Also 4 + B may not be closable, even though 4 and
B are closed (i.e. have closed graphs).

We consider the problem of finding general conditions which enable one to
determine when these undesirable cases do not arise. Our approach is by way of
the “characteristic matrix” of Stone [4], and we find the characteristic matrix of
the sum 4(4 + B) and product BA of two general closed linear operators 4 and
B. Our result is in the form of the limit of an expression in the characteristic
matrix elements in 4 and B, but we also obtain a simple formula in these matrix
elements, which determines when )(4 + B) is dense.

In the final section we consider one application of these results, to the direct
integral theory of closed linear operators, as developed by Nussbaum [2]. (It may
be appropriate to point out here that some of his results were stated earlier by
Pallu de Barriére [3].) We obtain two theorems, of the form “the sum and product
of the integrals is the integral of the sums and products”, which seem to be the
most general that can be obtained in this context.

1. Characteristic matrices. Let 3C be a fixed complex Hilbert space; we use the
notation:

WR=HOK, IW=KKoHe K

The operator 1 is the identity operator; the Hilbert space on which it acts may
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274 M. J. J. LENNON

be deduced from the context. If 4 is a closable linear operator in I, the closure
of A is denoted [4]".

Let A be a linear operator in 3, domain XA4) and range ?(4) in 3 and graph
8(A) in (2 Let G(A) be the orthogonal projection onto the closure of §(4). We
may write G(4) as a matrix of bounded linear operators on J(,

A A,
Gl = [ A A;].

This matrix is called the characteristic matrix of A. We have the following
theorem.

Theorem 1.1. A 2 X 2 matrix (A;) of bounded linear operators on I is the
characteristic matrix of a closed linear operator on XK if and only if
(l) 2]-],2 Aijk = Aik’ i, k = l, 2,
(i) AF = A;,4,j=1,2,
(iii) 1 — Ay, is injective.
Furthermore, if (A;) is the characteristic matrix of the closed operator A, we have
(vV)0<4,<1,0<4,,< |4, L1,
(V) DA4) = {A4ux + x| 1, % € X}, A2 Ay xi+ Ay x; = Ap X1+ A X,

Proof. See Stone [4], and Nussbaum [2].

If A and B are any two closed linear operators in I, we shall use the notation
Ay, By, for the elements of their characteristic matrices throughout the rest of the
paper.

The usefulness of the concept of characteristic matrix is increased by the fact
that it is possible to calculate the operators A4;; explicitly if 9X4) is dense. In the
following theorem we summarise information which is obtainable from the
operators 4.

Theorem 1.2. Let A be a closed linear operator on ¥ and (Ay) its characteristic
matrix. Then we have:

(i) D (A) is dense iff Ay, is injective. In this case,
Ay =(1+44)7", Ap = A (1 + A44*)7,
Ay = A0+ A4*A)", Ay = A4*(1 + 44%)7.

G(A‘) = [l —Ap Ay :I

We also have

A, 1-4,

(i) A is injective iff 1 — A,, is injective. In this case,

- _ |42 An
G(4 l)—[Az Ai]'
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(iii) A is bounded iff Ay, > al for some a > 0.
(iv) A is normal iff all the A;; are normal and commute with each other.

Proof. See Stone [4] and Nussbaum [2].

2. Bicharacteristic matrices. Let 4 and B be two closed linear operators on .
Definition. The sum bigraph, $(4, B), is the subspace of 3(* defined by

{(x,4x,x,Bx) | x € D(4) N D(B)}.
The product bigraph, 9(4, B), is the subspace of 3(* defined by
{(x,Ax,Ax,BAx) | x € D(4),Ax € D(B)}.
Lemma 2.1. $(4, B) and 9(A, B) are closed subspaces.

Proof. Let {(x,,Ax,,x,, Bx,)} be a Cauchy sequence in $(4, B). Then {x,},
{Ax,)}, {Bx,} are all Cauchy in I( so there exist x, y, z € ¥ such that x, — x,
Ax, >y, Bx, —> z. Since A and B are closed, x € D(4) N D(B),y = Ax, z
= Bx, and hence {(x,,4x,, x,, Bx,)} converges to an element of $(4, B).

The proof for (4, B) is similar.

Let S(4,B) and P(4,B) be the orthogonal projections onto §(4,B) and
9(4, B) respectively. We may write these projections as 4 X 4 matrices, (S;) and
(B) respectively, of bounded linear operators on 3. We call these matrices the
bicharacteristic matrices of 4 and B.

PropOSitiOn 2.2, (l) 2;,| S,,S],, = Sik’ 2;=| I;}J)k = Ek’ i, k= l, ceey 4.
G) Sy =SB*=PR,i,j=1,...,4

(iti) D(4) N D(B) is dense iff Sy, is injective.

(iv) {x € D(4) | Ax € D(B)} is dense iff P, is injective.

Proof. The proof may be carried out in exactly the same way as the analogous
facts are proved in [2] and [4].

3. Calculation of the bicharacteristic matrices. In this section we find an
expression for each S; and P, in terms of the bounded operators 4; and B;.
Let E, be the orthogonal projection onto the closed subspace of 3¢,

{(xn,xzsxs,x-z) le = x,},

and let E, be the orthogonal projection onto 9(4) & §(B). Then it is easy to see
that $(4, B) is the intersection of E; 34 and E, 3% It follows [5, Theorem 13.7]
that S(4,B) is the limit in the strong operator topology of the sequence
{E\(E,E,)"}. Since

11 0 41 0 Ay A, 0 O
o100 |4y 45 0 0
E"gloglo’ E=l9 o B, B,/

0 0 0 1 0 0 B, By



276 M. 1. J. LENNON

S(4,B) may be calculated explicitly. The result would not be of much use,
however, if it were not that great simplification is possible. We give the final result
of this simplification and prove its correctness by induction.

Theorem 3.1. Let A and B be any two closed linear operators, and let (A;), (B;)
be their characteristic matrices. Forn = 1,2, ..., define

Sy = %én (';)[‘%(Au + Bn)]i_l,

and let X be any one of Ay, — By, Ay, By, and Y any one of Ay, — By, Ay, B,.
Then the limit in the strong operator topology of the sequence {XS,Y} exists.
Denoting this limit by [XSY] we have

S = Si3 = Sy = Sy = {4y + By) + {[(4n — By)S(4y — By)),
S12 =83, =%4,, +%[4,, - B,,)S4,,],
S21 =83 = %Ay, +%[4,,54,, - B, I,
Si4 =834 = %By, — %[(4,, — B,,)SB,,],
Sa1 =S435 = ¥%By; — %[B,,5(4,, - By,)],
S24 == [4;,5B,,],
Sa2 = — [B154,,1,
Syp = Ay, +[4,,54,,],
Ssq = By, + [B;,5B,,].
Proof. First define S; = 0, and note that
O] S,(1 =344, +By) =S,u+1il, n=012....
Let C be the operator 4;; — B,;. We shall first prove by induction

{4y + Byy) 14y, %4, + By,) 1B,

w+l %AZI Azz %AZI 0
E(BE)N" = iy + By) 34 (4, + By) 1By,
}B,, 0 1By By

ics,C 1CS, A, ics,C -1CS, B,
%AZI Sn C AZI SnAIZ %AZI Sn C —AZI Sn BIZ
ics,C 1CS, A, iCs,C -1Cs, B, |
_iBZI S,,C —BZI SnAIZ -§B2I S,,C le Sn BI2

This is clearly true for n = 0. Assume it is true for n = k, and let
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_ k+2
(Ry) = E\(E,E)**

iAll AI2 %All 0
Y4y An 4, O
1B, 0 1B, Bj
1By 0 By By
Then it is easy to check that each R; has the required form, using the

relationship (*) and relationships derived from Theorem 1.1, such as A4;,4,
= A, — A},. For example, we have

= E, (Ez E, )Hl

Ry = §(dyy + By)’ + §CS, C(Ayy + By) + {44
+ 4By By, + {CSi (41242 — By By)
= {4y + By) + {(— 4} + Ay By + By Ay — Bh)
+§CSy(4h — By Ay + Ay By — By + 24, — 24} — 2By, + 2B})
= {4y + By) — {4y — Byy)® + §CS(2(1 — §(4y, + By))C)
= iy, + By) + {CSiwi C.

Since we know that {E,(E, E;)"} converges in the strong operator topology to
S(4, B), it follows that the operators XS, Y converge in the strong operator
topology to bounded operators, where X is any one of C, 4,;, B;, and Y any one
of C, Ay, B),. This completes the proof of the theorem.

The corresponding theorem for the product bicharacteristic matrix can now be
deduced by analogy from the observation that (4, B) is the intersection of E, 3(*
and the subspace {(x;, X, x3,%,) | X, = x3}.

Theorem 3.2. Let A and B be any two closed linear operators, and let (A;), (B;)
be their characteristic matrices. Forn = 1, 2, ... define

L= —%él (?)[‘%(Azz + Bn)]H

and let X be any one of Ay, — By, A1z, Bz, and Y any one of Ap — Byy, Ay, B
Then the limit in the strong operator topology of the sequence {XT,Y} exists.
Denoting this limit by [XTY] we have

Py = Py = B, = By = }(4y + By) + §[(4 — B,)T(A — By},

Py = Py = }4,, + 3[4, T(A» — By))

Py = B, = 34, + }[(An — B1)TA, ),

Py, = By = }By, — §[(4, — B,))TB,,),

Py =Py = ile - %[le T(Azz - Bn)]:
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Py = Ay + [4,,TAy),
Py = —[4,,TB,],
Py = —[By T4,],
Py = By + [By TB,).
Proof. Letting E; be the orthogonal projection onto the closed subspace

{(xrs X2, X3, x4) | X3 = x3}, it is easy to see that the substitution of E; for E in the
proof of Theorem 3.1 is equivalent to the substitutions

Ay = An, Ap > Ay, Ayp > Ay, Ay > Ap,s

and the exchange of the first and second rows, and first and second columns, in
E,(E,E,)"". The present theorem then follows by making these same substitu-
tions in the statement of the preceding theorem.

In many cases we can compute the S; and P explicitly, without finding the
limits as above.

Proposition 3.3. If the subspace spanned by D(A) U 9D(B) is dense in I,
Ay + By, is injective. In this case, let X be any one of Ay, — By, Ay, By and Y any
one of Ay, — By, Ay, By, and suppose X(Ay, + By,)~" is closable. Then

[XSY] = —[X(4,, + B,)']'Y.

Proof. Suppose (4,; + B;;)x = 0; then we must have 4;;x = B;;x = 0, and
from Theorem 1.1(i), Ay x = By; x = 0 also. Thus

AW + Apyy + Buys + By =0 Yy, 0, 93, 4.

But {4, + Ay, + Byys + Bypys} = span D(4) U D(B), so x = 0.
In this case, we see that

Sy =(Ay + By)'[(1 =44y + By))' =1, n=012...,

and since A4;; + By, is injective, selfadjoint, and bounded by 2,
,}H{},Kl -4, +By)" - 1llx=-x Vx€eIK
Now for any x € I we have

X4y + By)7'[(1 - 34y, + By)" — 1]Yx = XS, Yx > [XSY]x

and
(1 = 44y, + B,))" = 1]¥x > —Yx.

Hence if X(4,, + B,;)”! is closable, then Yx € D(((4,, + B,;)']") and
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[X(4y; + By)™'] Yx = —[XSY]x.
Corollary 3.4. Let the span of D(4) U D(B) be dense in I, and suppose the
domains
(A + By) ' (A = By)), Ay + By)'4), (A + By) 7' B)

are all dense in 3. Then

Spy = Si3 = Sy = Sy = §(4y + By)— (4, —By)Ay + By) 4y — By)I,
Sip = Sy = S;i = S} = 34y, — (4, — By) Ay + By) '4,]7,

Sia = Sy = S{ = S& = §By; + §[(4;, — B,))Ay, + By) ' B, ],

Sy = S = [Ay(4y; + By) ' B,,]",

Sy = Ay — [Ay(4), + By)'4,]7,

Su = By — [Byy(4y + B,) ' B,

Let X be any one of (4, — B,), Ay, By, and suppose x € D((4;
+ By)'X*), y € 9((4y, + By)™"). Then <{y,(4y + B,) ' X*x) = (X(4y
+ B")"y,x>, ShoWing ((A“ + B“)_'X‘)‘ -] X(A" + B“)-l and hence that
X(4,, + B,;))7! is closable. The corollary follows from Proposition 3.2.

Analogous results can be obtained for the E; we leave the exact statement of
these results to the reader.

4. Sufficient conditions for /(4 + B) to be dense. From the preceding section
and Proposition 2.2, we have immediately

Proposition 4.1.

(i) 6D(A + B) is dense in %WAH + B" + [(A" - B")S(A" + B")] > 0.
(i) D(BA) is dense in I iff Ay, + [4;TAy] > 0.

These conditions may be interpreted in the appropriate way if the conditions
of Corollary 3.4 hold (or its analogue for products). It is interesting to rederive
in this way known results in the cases when one of the operators 4 or B is
bounded, or when |4 and | B| (i.e. (4* 4)"? and (B* B)?) commute. A somewhat
less trivial result is given by the following theorem.

Theorem 4.2. Let A and B be closed linear operators, with dense domains, and
suppose

Re (4,;x,B;x) >0 Vxe K, x+#0.
Then D(A + B) is dense in 3.

Proof. We have, for every nonzero x € 3
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I(4yy + Bi)x|P = (44 + B})x,x) + 2 Re (41, x, By )
> (4} + B})x,x) — 2 Re (4, x, By, )
= [I(4y; = By)xIP.

Thus for every x € ®(4,, + B,;), x # 0,

(411 = By) Ay + By) ™' xl| < [Ix]l.
Thus (4, — By;)(4,; + Byy)™" is closable, and (4, + By;)™' (4, — By) is
defined on the whole space. For any x # 0, we have
(41 = Bi)( 4y + By) ™ Ay = Buy)xll < (41 — Bu)xll < (4 + Byy)xll,
so by the triangle inequality,

48y Xl = Ay, +Byy) — Ay = By )Ayy +By,) Ay, - Byl
> (4, + By )xll = 1I(4yy —By)Ayy +Byy)"'Ayy — Byl >0.
The result now follows from Proposition 2.2.

5. Characteristic matrices of sums and products. We use the results of §3 to
calculate the characteristic matrices of the sum and product of two closed linear
operators.

Let E, be the projection operator in 9(* with matrix

1 0 0O

0 i1 1

0 0 ol 1 € (3).

0 11 i
Then E,S(4,B)X* = {(x,3(4 + B)x,x,}(4 + B)x) | x € D(4 + B)} and the
projection onto the closure of the range of E,S(4, B) is easily seen to have the
form

O = O

1{ G4 + B)) G(3(4 + B))
5[G(§(A +B)) G4 + B))] » G + B)) € 3(37%),

where G(3(4 + B)) = characteristic matrix of }(4 + B). We can thus find
G(4(4 + B)) by using the following result.

Lemma 5.1. If C is any linear operator with ||C|| = 1, the projection onto the
closure of the range of C,

Re = lim(1 = (1 - CC*)")

in the strong operator topology.
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Proof. For any operator T, let Ny be the projection onto the nullspace of T.
Then we have Rc = 1— Ngo = 1 — Neco. But 1 = ||IC|? = ||CC*|| > CcC*
2 0, soif

cc* = L‘ AdEQ\)

is the spectral decomposition of CC*,

(1-cc*y = [ (1 = N"EN).

Since Ngce = E({0}), it follows that Ngce = lim,_(1 — CC*)" in the strong
operator topology.

Theorem 5.2. Let A and B be any two closed linear operators, and (4;), (B;) their
characteristic matrices. Then the characteristic matrix of (4 + B) is given by

1-G(4A +B)= lim —ln ((l - G(A)) + (1 - G(B))

_ ( (4, - B,1)SA4y, -8Byl [(4), - B}1)SA,;, ~ By,)]
(42, -B,,)5A4,, ‘an)] (43, 'le)s(An'Blz)]

X ( 25, S2 45,4 n
= lim |(1-
n=e S21 +S4y %(Sy3 +S34 +S43 +S44)
in the strong operator topology (where [(Ay — By )S(A); — B, ;) etc. are defined as
in Theorem 3.1).

Proof. It is clear that it is sufficient to prove 1 — G(}(4 + B)) equal to the
expression after the second equality sign above, and that terms such as
[(43 — B;;)S(A4,; — B,,)) exist. Letting C = E,S(4, B), we see ||[C|| = 1, unless
C = 0. The second case occurs when G(3(4 + B)) = 0, and the theorem is
trivially true. Also,

CC* = E,S(4,B)E,
28y, Sp+ S 25, Si2 + Sus
S + Sa T Sy + S T
285, S+ S84 25, Si2 + Sie
Sy + Sq T Sy + Sa T
where T = }(Sy, + Sy + S + S

The theorem then follows from the lemma above and the fact that if x is an
element of any ring with unit,

- (-G -G8 sh

=1
=2
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We have found no simple “termwise” formula which would enable the
characteristic matrix of the sum to be calculated as easily as the sum bicharac-
teristic matrix. Thus we have no simple formula which determines when the sum
of two closed operators has a closure.

To obtain the characteristic matrix of the product is even easier than for the
sum. We have

Theorem 5.3. Let A and B be any two closed linear operators, and (4;), (B;) their
characteristic matrices. Then the characteristic matrix of BA is given by

_ 0 [Py Pu ]"
-own=pafi-[4 £]

(where B; = i, j element of P(A, B)).
Proof. Let E be the projection in 3(* with matrix

SO -

000

000

000]
0001

Then E; P(4,B)¥* = {(x,0,0,BAx) | x € D(BA)} and the projection onto
the closure of this subspace has the form

G(BA); 0 0 G(BA),
0 00 0
0 00 0

G(BA)y 0 0 G(BA)y

The theorem now follows from Lemma 5.1.
For the case of the product of two operators, we have obtained an expression
for the limit, in terms of known operators. The expression has the form

Py P
G(BA) = [P: P:]

+ [[Al2(A22 + By) ' B,y (1 — 2Py) ' B (A + By) ' Ay]”
[Byi(Ax + By) 'An(1 — 2Py) ' By (dy + By) 4]

[412(4% + B;) "B, (1 = 2Py) ' Ay (An + By)™ 312]-]
_ [Bu(Az + By) ' An(1 — 2Py) " Ap(An + By) ™' By]”

L
in the case when all inverses exist, and the closures exist as bounded operators.
An expression holding under more general conditions may be found, but we see little
point in phrasing it. The expression above is too complicated to be of much use,
and we shall not prove it here. One can use it to obtain a condition which
determines when the product of two closed operators has a closure.
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‘6. Direct integrals of sums and products. In this section we apply the results of
the preceding sections to the direct integral theory of closed operators. We use
Dixmier [1] and Nussbaum [2] as basic references.

Let Z be a Borel space, p a positive measure on Z, ¢ — J((¢) a p-measurable
field of Hilbert spaces, 3 = f5 90(¢) du(). Let @ be the abelian von Neumann
algebra of diagonalisable operators. For each ¢ € Z, let A(¢) be a closed linear
operator in 3((z). We say that ¢ — A(¢) is a measurable field of closed operators
iff t = A(#); is a measurable field of bounded operators for each i, j = 1, 2. In
this case we can define

Ay = [ AW, du),

and it follows that the Ay satisfy Theorem 1.1 (i)—(iii). We define
A = 7 A(r)du(r) to be the closed linear operator such that G(4) = (4;).

Theorem 6.1 (Pallu de Barriére-Nussbaum). Let An@’, i.e. UA = AU for every
unitary operator U in Q. Then there exists a measurable field of closed operators,
t = A(2), such that

A = [ 4()du(s).

Furthermore
(i) D) = {x € K| x(¢) € D(A(t)) almost everywhere (a.e.) and t — A(t)
x(t) is square-integrable}.
(i) If x € D(A), t > A()x(t) is measurable.
(iii) XA) is dense iff D(A(2)) is dense for almost all t. In this case, t = A()* is
measurable and A* = [P A(t)* du(f).

If A is a closed linear operator and An@’, we say that A is decomposable.
If A and B are bounded decomposable operators,

A+ B = [ (AQ) + BO) dud),

BA = ° B()A()) du(r).

Nussbaum has proved that if 4 and B are decomposable, and each A(f) and B(¢)
is bounded, then 4 + B and BA are closable and the above equations hold with
A + B, BA replaced by [4 + B], [BA]™ respectively. We now extend this result
to the case where 4 and B are arbitrary decomposable operators.

Theorem 6.2. Let A and B be closed decomposable linear operators. Then
(i) D(4 + B) is dense iff D(A()) N D(B(?)) is dense in It) for almost all t.
(ii) 4 + B is closable iff A(t) + B(2) is closable for almost all t. In this case,
t = [A(?) + B(?)] is measurable and
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[4 + B = [ [4() + BOT dus).
Proof. Let (4;), (B;) be the characteristic matrices of 4 and B. Then by
definition,
A4;(1) = (A(®); ae, By()) = (B(), ae.

Let S, be the operator defined in Theorem 3.1. Then since S, is a polynomial in
the bounded decomposable operators 4, By, S, is decomposable, and further-
more

1

50 =-3 3 ()30 + 8] e

If X is any one of 4;; — By;, A3, By, and Y any one of 4,, — By, 413, Bz,
then XS, Y is decomposable and

XS, YY) = X(0S,()Y() ae.

By Theorem 3.1, {XS, Y} and {X(:)S,(1)Y(¢)} converge in the strong operator
topology, and since XS, Y — [XSY], there is a subsequence {n;} such that

(XS, Y)(0) = [XSY](1) ae.
Hence, denoting the limit of {X(¢)S,())Y ()} by [X())SY(?)], we have
[X(@)SY()] = [XSY](®) ae.
It follows that S(4, B); is decomposable and for i, j = 1, ..., 4,
S(4,B);(1) = S(4(1), B(n); a..

Now using Theorem 5.2, the same argument may be applied again to obtain
G(3(4 + B)) is decomposable and

G(i4 + B))() = G(4(4() + B())) a.e.

The theorem now follows immediately from Theorems 1.1 and 1.2 and the fact
that a bounded decomposable operator C is injective iff C(¢) is injective for
almost all 7.

Minor modifications of the above proof give us

Theorem 6.3. Let A and Be be closed decomposable linear operators. Then
(i) D(BA) is dense iff D(B(r)A(?)) is dense in IAt) for almost all t.
(ii) BA is closable iff B(1)A(¢) is closable for almost all t. In this case
t = [B()A(9)] is measurable and

[BA = [7 [BOAQT duo).
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